Stock market indices are one of the most investigated complex systems in econophysics. Here we extend the existing literature on stock markets in connection with nonextensive statistical mechanics. We explore the nonextensivity of price volatilities for 34 major stock market indices between 2010 and 2019. We discover that stock markets follow nonextensive statistics regarding equilibrium, relaxation and sensitivity. We find nonextensive behavior in stock markets for developed countries, but not for developing countries. Distances between nonextensive triplets suggest that some stock markets might share similar nonextensive dynamics, while others are widely different. The current findings strongly indicate that the stock market represents a system whose physics is properly described by nonextensive statistical mechanics. Our results shed light on the complex nature of stock market indices, and establish another formal link with the nonextensive theory.
Introduction
The stock market index is a good indicator of the overall market behavior and is frequently used by financial investors. Scale invariant behavior for both the distribution of returns and long term correlations in volatilities are well known properties of financial markets [1, 2] . While diverse methods have been employed to address the nonlinearity and complexity of these data, such as correlations [3, 4, 5] , multifractal analysis [6, 7, 8] , network science [9, 10, 11] , and various entropy measures [12, 13] , their complete understanding remains an open problem. The presence of fractal behavior [7] , long-range temporal dependencies [2] and heavy-tailed distributions [14] , indicate that stock markets deviate from the normal expectation into out-of-equilibrium states where traditional statistical mechanics does not work. A wide class of such systems can be described by nonextensive statistics [15] instead. The nonextensive theory thus forms a strong candidate for shedding new light on the phenomena involving stock market indices.
In the present study we consider a nonextensive theory which generalizes BoltzmannGibbs (BG) statistical mechanics for out-of-thermal equilibrium systems. From a mathematical standpoint, nonextensive statistics relies on a generalized definition of entropy [15] :
which is obtained by substituting exponentials with q-exponentials
and natural logarithms with q-logarithms
reducing to the BG entropy, the usual exponential and logarithm as q → 1. The power law exponent q, also known as the entropic number, is intimately related to the microscopic dynamics and characterizes the degree of correlations in the system. A particularly important instance of nonextensive statistics is that of systems that find themselves out-ofthermal equilibrium but still form stationary states, which can be found in a great variety of complex systems. This seemingly simple generalization to physical systems implies that (i) stationary probability distributions acquire long tails, (ii) stationary states turn out less sensitive to initial conditions, and (iii) relaxation towards equilibrium becomes slower (qexponential, rather than exponential). From a time series perspective, these three distinct properties translate into [16] : (i) distributions with long (power law) tails, (ii) wider multifractal spectrum, and (iii) q-exponential decay of correlations. The set of obtained values for the nonextensive parameter q is denoted as a "q-triplet" and characterizes metastable states in nonequilibrium. This triplet has been successfully explored in natural phenomena such as the ozone layer [17] , solar plasma [18, 19] , El Niño/Southern Oscillation [20] , geological faults [21] and river discharge [16] ; in artificial systems including scale-free networks [22] , logistic [23] and standard [24] maps; and in financial systems namely cryptocurrencies [25] . The main aim of our work is to analyze the behavior of stock markets in the context of nonextensive formalism -to compare their physical observables (such as price returns and volatilities) with those expected for a metastable dynamical system described by nonextensive statistics. In this context, we focus our attention on major stock market indices across the world from 2010 to 2019, in the aftermath of the last global financial crisis. Stock market volatilities are characterized by pronounced intermittency, exhibit unusually long temporal dependencies with correlations that decay slower than exponential, and tails in the probability distributions follow a power law with exponents less than three. We report evidence of nonextensive triplets [26] that are characteristic of systems that follow nonextensive statistics, which implies that q-triplets are more common in finance than previously thought [25] . The nonextensive behavior is mostly present in stock market indices from developed countries, but not from developing countries. Distances between the q-triplets further suggest that some stock markets might share similar nonextensive dynamics, while others are widely different. The discovery of q-triplets in stock markets, together with their previous appearance in cryptocurrencies [25] , encourages further research into the prevalence of nonextensive phenomena in finance.
The remainder of this paper is organized as follows: Section 2 describes the stock market data; Section 3 presents the results and discussions; Section 4 draws the conclusions.
Data
We analyze the time series of 34 major stock market indices that appear in the website https://www.investing.com/indices/major-indices as listed in Table 1 . The period under study starts from 2010, after the global financial crisis, and ends in 2019. For each of the stock markets we calculate the daily logarithmic change in closing price S(t):
and construct a time series from the volatilities |R t |. We focus this investigation on the volatilities and their increments ∆R t = |R t+1 |−|R t |. Fig. 1 reveals the presence of large price return and volatility variations with dense intermittent behavior which can be indicative of nonextensive statistics. 
Results and discussion
Systems that follows nonextensive statistics are characterized by a q-triplet (q stat , q sens , q rel ) = (1, 1, 1) that satisfies q stat > 1, q sens < 1 and q rel > 1 [26] , or even the more rigid set of conditions q sens ≤ 1 ≤ q stat ≤ q rel [27] . Here we calculate nonextensive triplets for each stock market, where values of q stat are obtained from the q-Gaussian, q rel from the q-exponential, and q sens from the multifractality of the time series. We begin with the Canadian market (GSPTSE) as a case study and later expand to other stock markets.
Stationary q = q stat
A suitable q-value for the stationary state is obtained from the PDF associated to volatility increments ∆R t = |R t+1 |−|R t |. ∆R range is subdivided into bins of width δr centered at r i so we can obtain the frequency of ∆R values within each bin. The normalized histogram yields a stationary-PDF {p(
, where p i is the probability for a ∆R value to fall within 4 the ith bin and N is the number of bins. Our PDF is retrieved from adjusting the histogram of ∆R values to a q-Gaussian [28]
in order to find the value of q that best linearizes the graph ln q [p(r i )] vs. r 2 i . We vary q from 0 to 5 and select which value makes the best linear adjustment from the coefficient of determination R 2 [19] . We first consider volatility increments ∆R of the GSPTSE market index as a case study. The value q stat = 1.34 ± 0.05 is found to adjust well the experimental values with the coefficient of determination R 2 = 0.968 as shown in Fig. 2(a) . It should be emphasized that this q stat value is fully consistent with the bounds obtained from several independent studies involving the nonextensive framework (see, e.g. [14] ). Fig. 2(b) plots the associated q-Gaussian and the best adjustment that can be made with a (standard) Gaussian. Clearly the p(r i ) values become noticeably non-Gaussian along the tails, and instead can be described by a power law. This is indicative of a Hamiltonian system whose elements do not interact locally but rather globally [26] . 
Relaxation q = q rel
The corresponding q rel value, which describes a relaxation process, can be computed from the autocorrelation function
For a classical BG process such correlation should decay in exponential fashion, but volatilities in stock markets are known to exhibit long-range correlations [14] . Fig. 2(d) clearly shows that the autocorrelation of the series |R t | decays much slower than an exponential function. We can estimate the value of q rel by the same linear adjustments on the graph ln q [C(τ )] vs. τ to determine which choice of q best linearizes the data. Fig. 2 (c) reveals that autocorrelations of GSPTSE market index decay as a power law with an exponent q rel = 2.26 ± 0.04 and R 2 = 0.965. This suggests that macroscopic variables of the considered stock market decay slower than exponential to their equilibrium values.
Sensitivity to initial conditions q = q sens
Systems well-described by the nonextensive theory exhibit less than exponential sensitivity to initial conditions. Small initial differences between neighboring states grow in q-exponential fashion characterized by a vanishing Lyapunov exponent and a parameter q sens . Deviations of the neighboring trajectories of the attractor set of the dynamics leads to a multifractal structuring of the phase space [19] . The q sens value can be derived from the multifractal spectrum f (α) of the attractor associated to nonlinear dynamical system, reflected by |R t |. f (α) denotes the fractal dimension of the attractor's subset that possesses the local scaling exponent α [29] . The extreme values α min and α max of the multifractal spectrum, for which f (α) = 0, have the following relation to the q sens parameter [30] :
We calculate f (α) using the Multifractal Detrended Fluctuation Analysis (MFDFA) method which is superior to other methods when dealing with non-stationary time series [29] . Fig. 3(a) shows that the fluctuation function F η (s) increases with the box size s as a power law
, where the scaling exponent h(η) is calculated as the slope of the linear regression of ln F η (s) vs. ln s. These exponents are related to the singularity spectrum f (α) through a Legendre transformation [29] from which the spectra extrema can be obtained by extrapolating the curve of a polynomial fit to zero. Fig. 3(b) reveals that the GSPTSE spectrum has a wide range of scaling exponents ∆α = α max − α min = 0.56 and the position of maximum α 0 = arg max f (α) = 0.83 is consistent with values obtained in literature for volatilities in stock markets [31] . From the spectrum extrapolation we obtain α min = 0.52±0.02 and α max = 1.08±0.02 resulting in the parameter q sens = −2×10 −4 ±0.02. This low value for q sens indicates that its distribution exhibits weak chaos [15] in the full dynamical space of the system [15, 18] .
q-triplets for stock markets
Our analysis so far reveals a q-triplet for the Canadian market (GSPTSE) that obeys the general relation q sens ≤ 1 ≤ q stat ≤ q rel [27] , and is consistent with the nonextensive scenario. The question remains whether similar relations appear for other stock market qtriplets. Out of 34 analyzed stock market indices, we find that 22 stock markets satisfy the aforementioned q-triplet relation, as underlined in Tab. 2. Interestingly most of these stock markets come from developed countries, while developing countries such as Brazil (BVSP) and Russia (IMOEX) tend to escape from the nonextensive formalism. This suggests that stock markets from developed countries such as United States (SPX and DJI) may well represent a system in an off-equilibrium stationary state whose physics is properly described by nonextensive statistical mechanics. For developing countries the stock market indices often reverse the relationship between q stat and q rel such that q stat > q rel . Ref. [20] observed a similar inversion in the q-triplet relation for variability of El Niño oscillations.
The wide range of q-triplets observed earlier suggests the presence of distinct nonextensive dynamical behavior between stock markets -a stationary or metastable state is characterized by a triplet of q-values. This motivates for a comparison between the set of q-values in order to obtain useful insight on the different dynamical processes between stock market indices. We map q-triplets to the three-dimensional Cartesian space in Fig. 4(a) , where we place different q-values on the same scale. We discover that certain stock markets form clusters such as on the bottom left (AXJO, BFX, HIS and FTMIB) and upper middle (AEX, FCHI, FTSE, GSPTSE, SPX, TA35) of the space. Other stock markets such as BUX, KSE, OMXS30, SSEC, TWII remain isolated and well separated from the clusters. To better quantify the differences stated above, we define a distance metric between q-triplet pairs as follows [25] :
where the q-values are indexed by a or b for the given pair. We can then construct a distance matrix D ij = d(i, j) containing pairwise distances between the 22 stock market q-triplets that follow nonextensive statistics. By construction the elements D ij = 0 correspond to stock market pairs that share the same q-triplet, and perhaps the same underlying dynamical process. The rows and columns (or stock market pairs) of the distance matrix D are grouped using a spectral block clustering procedure [32] . Fig. 4 (b) reveals that a complex arrangement of q-triplet distances (D ij ) exists between the different stock markets. The matrix consists of blocks of small distances which represent clusters of nearby q-triplet values. We also discover that certain pairs of stock market q-triplets are separated by a large distance d(i, j). For example, Taiwan (TWII) is very distant from other Asian stock markets (SSEC, KSE, HSI). China (SSEC) is distant from markets in the Americas (DJI, GSPTSE, SPX), but close to many markets in Asia (KSE and HSI). Sweden (OMXS30) is distant from Asian markets (HSI, KSE, SSEC, TWII) and also from the Euro market (STOXX50E). Many other similar conclusions can be drawn from Fig. 4(b) . These nontrivial distances could indicate similarities in nonextensive behavior of the underlying processes that characterize stock market indices. 
Conclusions
In this work we study the nonextensive behavior of daily volatilities for major stock market indices from 2010 to 2019. We find that for many developed countries the corresponding q-triplets satisfy the relation q sens ≤ 1 ≤ q stat ≤ q rel [27] . For developing countries the relationship between q stat and q rel reverses and so they cannot be explained by the nonextensive framework. Distances between q-triplets are such that many stock markets fall near each other after mapping them to a three-dimensional space. This could be indicative of similar nonextensive dynamics. Some markets are separated by a large distance which implies distinct nonextensive behavior. While not every stock market index may be expected to follow nonextensive statistics, our particular case demonstrates that intermittency, slowly decaying correlations and heavy tailed distributions may be well explained through this novel theory. It remains to be seen whether the proximity of q-triplets means similar mechanisms are responsible for stock market dynamics. The current findings suggest that further research should be directed at searching for signs of nonextensivity in other financial systems.
